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We report on experimental spectra of photons radiated by 50 GeV positrons crossing silicon
single crystals of thicknesses 1.1 mm, 2.0 mm, 4.2 mm, and 6.2 mm at sufficiently small angles
to the (110) planes that their motion effectively is governed by the continuum crystal potential.
The experiment covers a new regime of interaction where each positron emits several hard photons,
whose recoil are not negligible and which are formed on lengths where the variation of the crystal
field cannot be ignored. As a result neither the single-photon semiclassical theory of Baier et al. nor
the conventional cascade approach to multiple hard photon emissions (quantum radiation reaction)
based on the local constant field approximation are able to reproduce the experimental results. After
developing a theoretical scheme which incorporates the essential physical features of the experiments,
i.e., multiple emissions, photon recoil and background field variation within the radiation formation
length, we show that it provides results in convincing agreement with the data.
Strong electromagnetic fields as those produced by in-
tense lasers and by crystals are a unique tool to test QED
in the laboratory in unprecedented high-energy regimes,
where nonlinear effects in the electromagnetic field en-
ergy density dominate the dynamics [1–6]. When elec-
trodynamical processes occur in the presence of a suf-
ficiently intense background electromagnetic field, the
photon density of the latter is so high that charged par-
ticles like positrons (charge e and mass m, respectively)
interact coherently with several background field pho-
tons. The theoretical description of this regime, known as
strong-field QED (SFQED), relies on Lorentz- and gauge-
invariant parameters, which depend on the structure of
the external electromagnetic field [7].
When a high-energy positron impinges onto a crystal
along a symmetry plane of the crystal lattice, its mo-
tion can become transversely bound between two adja-
cent planes, and the positron experiences an effectively
static “continuum” potential varying only along the di-
rection perpendicular to the planes (planar channeling),
[8, 9] and [3, 5, 10]. In planar channeling the trans-
verse motion decouples from the motion along the y-z
plane and the condition for a positron with initial energy
ε0  m to be channeled within two planes is that the to-
tal kinetic plus potential energy εx = p2x(t)/2ε0+U(x(t))
associated to the transverse motion is smaller than the
potential energy height U0 between the two planes, [8, 9]
and [3, 5, 10]. Here, we have assumed that x is the co-
ordinate perpendicular to the symmetry planes and that
px  ε0 is the positron momentum along that direction
(units with h¯ = c = 1, α = e2 are employed). The condi-
tion for planar channeling can be expressed as a bound
on the maximal positron angle θ to the plane while in the
crystal, that has to be smaller than θc ≡
√
2U0/ε0, [3].
The continuum approximation also applies for θ >∼ θc if
ε0  m.
The study of SFQED processes in the background crys-
tal field corresponding to the continuum potential, such
as the emission of high-energy photons is complicated by
the necessity of including the field exactly in the calcula-
tions. Now, in the case of planar channeling the crystal
field has a dependence on the coordinate x, which does
not allow for an exact analytical solution of the Dirac
equation [11]. For this reason the semiclassical method of
Baier and Katkov [3, 12], which allows for the computa-
tion of the probabilities of quantum processes using only
the classical trajectory of the charged particles involved
in the process, has been extremely useful in the study
of SFQED processes. The semiclassical method is based
on the observation that in the interaction of ultrarela-
tivistic particles (we consider positrons here) the quanti-
zation of the motion is negligible such that one can still
attribute physical meaning to the positron classical tra-
jectory, whereas the main quantum effect in the process
of radiation to be included is the recoil in the emission
of high-energy photons [3]. The semiclassical method has
been successfully employed to compute the probability of
the basic SFQED processes like single photon emission
and electron-positron photoproduction in aligned crys-
tals (see Ref. [3] also for studies on higher-order pro-
cesses). However, when a positron crosses a crystal whose
thickness corresponds to several radiation lengths, a po-
tentially large number of photons can be emitted. The
theoretical investigation of such high-order processes is a
formidable task [13], and mainly kinetic approaches are
employed, where it is assumed that multiple photon emis-
sions arise from sequential (cascade) emissions of single
photons, each single photon emission being well localized
[3]. The localization of the emission is a crucial require-
ment of the method and it corresponds to assuming that
the formation length lf of the photon emission process
is much smaller than the typical length where the crys-
tal field significantly varies, such that the local value of
the probability per unit time, evaluated for a constant
field, can be employed [2, 3]. This “local constant field
approximation (LCFA)” is another remarkable tool in
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Figure 1. A top view schematic of the experimental setup.
strong-field physics and recent studies have been devoted
to investigating its limitations especially in the realm of
SFQED in beamstrahlung [14, 15], in intense laser fields
[16–19] and in space-time dependent electric fields [20].
The LCFA has previously been applied to high-energy
radiation and pair-production processes in aligned single
crystals. In Refs. [21, 22] the leading-order correction in
the field derivatives of the photon radiation probability
has been found. In Refs. [23, 24] experimental results
beyond the LCFA are presented but either quantum ra-
diation reaction effects were negligible, i.e., each charge
emits on average one photon or, in case of multiple pho-
ton emission, single-photon spectra were not measured.
See Refs [25–27] for other channeling related effects.
Here we report experimental single photon spectra
emitted by high-energy (50 GeV) positrons crossing sili-
con crystals of different thicknesses (1.1 mm, 2.0 mm, 4.2
mm, and 6.2 mm) aligned to the (110) planes. Depend-
ing on the crystal thickness, several photons are emitted
by each positron with significant recoil, such that quan-
tum radiation reaction effects have to be taken into ac-
count (see also the results of our previous experiment
reported in Ref. [28]). By employing a conventional ki-
netic approach based on the emission probabilities eval-
uated within the LCFA, we show that such an approach
is unable to explain the experimental results. Thus, we
have developed a kinetic approach particularly suitable
for SFQED processes in aligned crystals and where effects
beyond the LCFA are implemented, see supplementary
material [29]. The theoretical spectra obtained with this
method result in overall good agreement with the data,
which in turn can be interpreted as the first experimental
investigation of quantum radiation reaction beyond the
LCFA.
The experiment was carried out at the CERN SPS H4
beamline employing a positron beam of 50 GeV with an
energy spread of a few percent (see Fig. 1). Due to
changed conditions of the accelerator which can occur
during outages, the positron beam features varying ini-
tial angular distributions along the x-direction (the crys-
tal symmetry planes are defined to be parallel to the y-z
planes). The experimental angular distributions were fit-
L[mm] 1.1 2.0 4.2 6.2 6.2
σθ[µrad] 85 100 85 85 100
θ0[µrad] 27 70 62 7 50
Table I. Average angles θ0 and standard deviations σθ of the
Gaussian functions fitting the initial angular distribution of
the positrons along the x-direction for the various crystal
thicknesses used in the experiment. For the case of our ex-
periment we have θc = 30 µrad, that is, only a minor fraction
of positrons is channeled. Note that the critical angle ψp, as
given, e.g., in Ref. [5], assumes the value ψp = 23 µrad.
ted with a Gaussian function and the resulting average
angle θ0 relative to the crystal plane and standard devia-
tion σθ are reported in Table I for the crystal thicknesses
used in the experiment. As the radiation spectra are
highly sensitive to the entry angle of the positrons, the
variation in the entry angles complicates a direct compar-
ison between spectra for the different crystal thicknesses.
The scintillators S1, S2 and S3 are used to make the
trigger signal, for which a signal must be present in S1
and S3 and absent in S2, as S2 has a hole to allow par-
ticles through. After the scintillators the positron en-
ters a Helium chamber to reduce multiple Coulomb scat-
tering. Here, the transverse position of the positron is
measured, as it passes through the MIMOSA detectors
M1 and M2, which allows to determine the incidence an-
gle. The positron then enters the silicon crystal, where
it emits radiation. A large magnet removes the charged
particles exiting the crystal. The emitted photons, in-
stead, continue forward and encounter a converter foil
of 200 µm tantalum, corresponding to an approximately
1/26 chance of being converted into an electron-positron
pair. Note that when the photon energy exceeds the
threshold of pair production, the pair production cross
section quickly tends to a constant value for large photon
energies. This approach of conversion is used to obtain a
spectrum of individual photons, as opposed to a calorime-
ter setup, which would only measure the sum of energies
of all the emitted photons. The produced electron and
positron pair is tracked through detectors M3 and M4,
are then deflected by another magnet, and then tracked
again in M5 and M6. The deflection angle of the electron
and the positron allows to determine their individual mo-
menta, whose sum yields the momentum of the original
photon (see Ref. [28] for a description of the employed
tracking algorithm). The response of the experimental
setup is complicated by multiple scattering through the
setup, finite detector sizes etc. and therefore it should
be simulated [28]. In order to validate the simulation
of the experiment, the crystal can be oriented far away
from any low-index crystallographic direction, such that
the emission of radiation essentially stems from Bethe-
Heitler (BH) bremsstrahlung rather than showing coher-
3Figure 2. Theoretical single-photon power spectra for a
positron beam of 50 GeV energy crossing a crystal of 0.1 mm
thickness, which is the energy emitted per unit photon en-
ergy and per unit length of the crystal. For the incoming
positron angular distribution we have chosen θ0 = 7 µrad
and σθ = 85 µrad. The green, dotted curve corresponds to
the classical emission spectrum, the blue, continuous curve
correspond to the quantum emission spectrum via the semi-
classical method, and the yellow, dashed curve corresponds
to the quantum emission spectrum within the LCFA. See also
Fig. 1 in Ref. [22].
ence effects as in coherent bremsstrahlung or channeling
radiation. BH bremsstrahlung is a well studied process,
and the agreement between the simulation using the BH
spectrum and the experimental spectra shows that the
experimental setup is well understood and described by
the simulation. An overall normalization constant is used
on the simulation such that the BH simulation matches
the experiment, and this accounts for the inherent effi-
ciency in the MIMOSA detectors.
For the theoretical description of the experimental
results it is useful to introduce the parameters χ =
e〈εE〉/m3 and ξ = |p⊥,max − 〈p⊥〉|/m [1–5]. Here, ε(t)
is the positron energy at time t, E(t) is the amplitude of
the crystal electric field at the positron position at time t,
the symbol 〈〉 indicates the average over the positron tra-
jectory, and |p⊥,max| is the maximum momentum trans-
verse to the direction of the largest component of the mo-
mentum pz(t) ≈ ε(t) (note that for channeled positrons
〈px〉 = 0). When χ is of the order of unity or larger,
quantum effects such as spin and recoil during the emis-
sion are essential. The parameter ξ differentiates between
regimes of undulator-like (ξ  1) and synchrotron-like
(ξ  1) radiation emission. Quantum radiation reaction
is the emission of multiple photons while quantum ef-
fects in the emission is important, i.e. χ is not too small
[30]. When ξ  1 the calculation of the quantum radia-
tion reaction process is simplified as one can assume that
Figure 3. Experimental data compared with the three theo-
retical models described in the text for the 1.1 mm case.
the multiple emissions mainly stem from a sequence of
localized single-photon events and use the LCFA to cal-
culate the corresponding single-photon radiation emis-
sion probability. This approach has been employed to
explain recent experimental results on radiation reaction
[28, 31, 32]. When ξ is on the order of unity, the above
approach is no longer applicable, and a more general the-
ory of radiation reaction is required. In the experiment
reported here, we have that ξ < 2.9 and χ < 0.042, with
the inequalities being due to different initial conditions
of the positron yielding different values of the parame-
ters. While the value of χ is smaller than unity, it is
large enough that quantum effects are important in the
experiment. This important point is illustrated in Fig.
2 by a direct comparison of classical and quantum spec-
tra of radiation emission (average energy radiated per
unit of photon energy and unit length) for a thin crystal,
such that radiation reaction effects, i.e., multiple photon
emission, can be neglected.
In Figs. 3 and 4 we show all the experimental data cor-
responding to five different settings of crystal thickness
and beam distributions, see Table I. In all figures we also
report the simulation corresponding to the ‘amorphous’
orientation and we always find a very good agreement
with the BH bremsstrahlung.
Since quantum effects are important, we compare the
experimental data with three theoretical quantum mod-
els. In the first and most general model, called quantum
stochastic model (QSM), the multiple photon emission
is treated as a cascade of sequential single-photon emis-
sions. Each single-photon emission event is implemented
via a Monte Carlo approach based on positron spin- and
photon polarization-averaged emission probabilities. The
new feature of this model is the use of the semiclassical
method of Baier and Katkov to calculate the differen-
4Figure 4. Experimental data compared with the three different models described in the text, in the ‘aligned’ case. The data
with the crystal turned into the ‘amorphous’ orientation is compared with the simulation of the BH bremsstrahlung spectrum.
tial single-photon emission rate dW/dω [3, 15, 33–36] in-
tegrated over a finite section of the positron trajectory
corresponding to a finite time interval T . This approach
is then able to handle quantum radiation reaction be-
yond the LCFA for planar channeling and takes advan-
tage of the regular, oscillatory motion of positrons inside
the crystal field. In fact, the value of T has to be large
enough such that the differential rate dW/dω has con-
verged, i.e. it no longer changes significantly when T is
further increased. This requires a value of T on the order
of several photon formation lengths lf = 2γ2(1−ω/ε)/ω
[3], where γ = ε/m is the Lorentz factor of the positron
at the moment of emission. We refer to the supplemental
material [29] for more details on this scheme.
The second model is the “LCFA”, which is the usual
approach to quantum radiation reaction, where multi-
ple photon emissions are simulated via independent and
random emission events, the emission probability being
used within the LCFA [28]. Finally, the third model is
the “no RR”, where radiation reaction is ignored, which
is the same as the first model, except that the momen-
tum of the emitted photon is not subtracted from the
radiating positron. The difference between the first and
the third model, therefore, shows the size of radiation-
reaction effects. In Ref. [28] we described how to use the
constant field approximation in the case of channeling
radiation and therefore we refer to this paper for addi-
tional details. The only difference in the LCFA model
as compared to that employed in Ref. [28], is that here
we also add the incoherent BH bremsstrahlung with a
Monte Carlo approach. The reason is that this process
is more important here than in Ref. [28].
Figures 3 and 4 show that the three models give three
distinctive curves, which means that we are able to dis-
tinguish between the two models of radiation reaction
(within and beyond the LCFA) as well as to establish
that radiation reaction is present, as otherwise the “no
RR” curve would coincide with the “QSM” curve. It
is then clearly seen that the LCFA is not applicable in
the parameter regime under investigation, while the QSM
model is overall in good agreement with the experimental
data.
5The process of multiple elastic scattering of the
positron with the nuclei as the positron propagates
through the crystal plays an important role as this on
average increases the otherwise conserved energy εx =
p2x(t)/2ε0 + U(x(t)) associated with the motion along
the x-direction. Since the radiation emission spectrum
depends on this effect, we have implemented it in our
numerical codes as described in [37]. The positron ve-
locity at each timestep, as provided by the solver of the
trajectory according to the Lorentz force, is additionally
changed by an amount which is random and normal dis-
tributed, with a standard deviation depending on the lo-
cal density of nuclei and electrons. In Ref. [38] a method
similar to what we have described here was put forward.
However, the method was compared to experimental re-
sults with ξ  1, where the LCFA was a good approxi-
mation. Moreover, an important difference between the
two methods is that in Ref. [38] the trajectory is divided
into sections with length of the order of the period of mo-
tion which in general does not lead to convergence of the
differential rate (this is, however, acceptable at ξ  1, for
which it was applied, because in this case the formation
length is generally shorter than the oscillation period).
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